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We investigate the rossover from Bardeen-Cooper-Shrieer (BCS) pairing to a Bose-Einstein
ondensate (BEC) in a relativisti superuid within a boson-fermion model. The model inludes,
besides the fermions, separate bosoni degrees of freedom, aounting for the bosoni nature of
the Cooper pairs. The rossover is realized by tuning the dierene between the boson mass and
boson hemial potential as a free parameter. The model yields populations of ondensed and
unondensed bosons as well as gapped and ungapped fermions throughout the rossover region for
arbitrary temperatures. Moreover, we observe the appearane of antipartiles for suiently large
values of the rossover parameter. As an appliation, we study pairing of fermions with imbalaned
populations. The model an potentially be applied to olor superondutivity in dense quark matter
at strong ouplings.
PACS numbers: 12.38.Mh,11.10.Wx,03.75.Nt
I. INTRODUCTION
An arbitrarily weak attrative interation between fermions in a many-fermion system leads to the formation
of Cooper pairs. This phenomenon is well desribed within Bardeen-Cooper-Shrieer (BCS) theory [1℄. In this
situation, Cooper pairs are typially of a size muh larger than the mean interpartile distane. The piture hanges
for suiently large interation strengths. In this ase, Cooper pairs beome bound states, and superuidity is
realized by a Bose-Einstein ondensation (BEC) of moleular bosons omposed of two fermions. A rossover between
the weak-oupling BCS regime and the strong-oupling BEC regime is expeted [2℄.
Experimentally, this rossover has been studied in systems of old fermioni atoms in a magneti trap, where the
oupling strength an be tuned around a Feshbah resonane with the help of an external magneti eld [3℄. Reently,
these studies have been extended to the ase two fermion speies with imbalaned populations [4℄. In this ase, the
rossover is most likely replaed by one or more phase transitions, and the appearane of exoti superuids seems to
be a very interesting possibility [5, 6℄.
Besides the nonrelativisti atomi systems, there is also a strong motivation to study the relativisti BCS-BEC
rossover. One possible realization is pion ondensation, whih, for large isospin densities, rosses over into Cooper
pairing of quarks and antiquarks [7℄. Another possibility is dense quark matter whih may be present in ompat stars
[8℄. Under astrophysial onditions of densities of a few times the nulear ground state density and omparably small
temperatures of 1 MeV and lower, quark matter is a olor superondutor [9, 10℄. Analogous to eletrons in a metal or
alloy or fermioni atoms in a magneti trap, quarks form Cooper pairs due to an attrative interation, here mediated
by gluon exhange. Beause of asymptoti freedom, olor superondutivity at asymptotially large densities an
be studied in a weak-oupling approah using perturbative methods within QCD [11, 12℄. However, for moderate
densities as present in ompat stars, the validity of these results is questionable. More phenomenologial models suh
as the Nambu-Jona-Lasinio (NJL) model, have therefore been employed, mimiking the gluon exhange by a pointlike
interation between the quarks (see Ref. [13℄ and referenes therein). Both QCD and NJL approahes usually are
applied within a BCS-like piture. However, quark matter in ompat stars may well be in a strong-oupling regime
where a BEC-like piture is more appropriate [1418℄.
In order to desribe the rossover from BCS to BEC we shall not onsider a purely fermioni model whih may
desribe this rossover as a funtion of the fermioni oupling strength. We rather set up a theory with bosoni and
fermioni degrees of freedom. Here, fermions and bosons are oupled through a Yukawa interation and required to
be in hemial equilibrium, 2µ = µb, where µ and µb are the fermion and boson hemial potentials, respetively.
We treat the (renormalized) boson mass mb,r and the boson-fermion oupling g as free parameters. Then, tuning
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2the parameter x = −(m2b,r − µ2b)/(4g2) drives the system from the BCS to the BEC regime. The fermioni hemial
potential shall be self-onsistently determined from the gap equation and harge onservation. This piture is inspired
by the boson-fermion model of superondutivity onsidered in Ref. [19℄, whih has been used in the ontext of old
fermioni atoms [20℄. It also has possible appliations for high-temperature superondutivity [21℄. For simpliity, we
shall restrit ourselves to the evaluation of the model in a mean-eld approximation.
The paper is organized as follows. In Se. II we set up the simplest version of the model, taking into aount a
single fermion speies. We dene the rossover parameter in Se. II C and derive the density and gap equations in
Se. II D. The solutions of these equations are presented in Se. III. We onsider a vanishing temperature in Se.
III A, present the rossover at the ritial temperature in Se. III B, and show results for a xed rossover parameter
and arbitrary temperature in Se. III C. In Se. III D we present the results for the ratios ∆/µ and Tc/∆. Finally,
we extend our model to two fermion speies in Se. IV. This extension allows us to onsider pairing of fermions with
imbalaned populations, whih is an unavoidable ompliation in quark matter at moderate densities [22℄.
Our onvention for the metri tensor is gµν = diag(1,−1,−1,−1). Our units are ~ = c = kB = 1. Four-
vetors are denoted by apital letters, K ≡ Kµ = (k0,k) with k = |k|. Fermioni Matsubara frequenies are
ωn = ik0 = (2n+ 1)πT , while bosoni ones are ωn = ik0 = 2nπT with the temperature T and n an integer.
II. THE BOSON-FERMION MODEL FOR A RELATIVISTIC SUPERFLUID
A. Setting up the model
We use a model of fermions and omposite bosons oupled to eah other by a Yukawa interation. The Lagrangian
is given by a free fermion part Lf , a free boson part Lb and an interation part LI ,
L = Lf + Lb + LI , (1)
with
Lf = ψ(iγµ∂µ + γ0µ−m)ψ , (2a)
Lb = |(∂t − iµb)ϕ|2 − |∇ϕ|2 −mb|ϕ|2 , (2b)
LI = g(ϕψCiγ5ψ + ϕ∗ψiγ5ψC) . (2)
The fermions are desribed by the spinor ψ, while the bosons are given by the omplex salar eld ϕ. The harge
onjugate spinors are dened by ψC = Cψ
T
and ψC = ψ
TC with C = iγ2γ0. The fermion (boson) mass is denoted
by m (mb). We hoose the boson hemial potential to be twie the fermion hemial potential,
µb = 2µ . (3)
Therefore, the system is in hemial equilibrium with respet to the onversion of two fermions into one boson and
vie versa. This allows us to model the transition from weakly-oupled Cooper pairs made of two fermions into a
moleular difermioni bound state, desribed as a boson. The interation term aounts for a loal interation between
fermions and bosons with oupling onstant g. In order to desribe BEC of the bosons, we have to separate the zero
mode of the eld ϕ [23℄. Moreover, we shall replae this zero-mode by its expetation value
φ ≡ 〈ϕ0〉 (4)
and neglet the interation between the fermions and the non-zero boson modes. This orresponds to the mean-eld
approximation. Then, with the Nambu-Gorkov spinors
Ψ =
(
ψ
ψC
)
, Ψ = (ψ, ψC) , (5)
the Lagrangian an be written as
L = 1
2
ΨS−1Ψ+ [µ2b −m2b ]|φ|2 + |(∂t − iµb)ϕ|2 − |∇ϕ|2 −m2b |ϕ|2 . (6)
Note that we have dropped the mixing terms of zero and non-zero boson modes sine they vanish when arrying out
the path intergal. Here S−1 is the inverse fermion propagator whih reads in momentum spae
S−1(P ) =
(
Pµγ
µ + µγ0 −m 2igγ5φ∗
2igγ5φ Pµγ
µ − µγ0 −m
)
. (7)
3It is instrutive to ompare this form of the propagator to the orresponding one in a purely fermioni model, see for
instane Ref. [15℄. As expeted, the Bose ondensate is related to the diquark ondensate ∆,
∆ = 2gφ . (8)
As we shall see below, f. Eq. (11), ∆ is the energy gap in the quasi-fermion exitation spetrum. In a purely fermioni
model, ∆ = 2G〈ψCiγ5ψ〉, where G is the oupling onstant related to the interation between the fermions. Note
that G has mass dimension −2, while our boson-fermion oupling g is dimensionless. Therefore, g does not play the
role of the rossover parameter, as G does in the fermioni model. We shall explain this in more detail in Se. II C.
B. Thermodynami potential
In order to obtain the thermodynamial potential density Ω, we ompute the partition funtion
Z =
∫
[dΨ][dΨ][dϕ][dϕ∗] exp
[∫ 1/T
0
dτd3xL
]
, (9)
where T is the temperature, and L is the Lagrangian in the mean eld approximation given in Eq. (6). The thermo-
dynami potential density is then obtained from Ω = −T/V lnZ, where V is the volume of the system. One obtains
after performing the path integral and the sum over Matsubara frequenies,
Ω = −
∑
e=±
∫
d3k
(2π)3
{
ǫek + 2T ln
[
1 + exp
(
− ǫ
e
k
T
)]}
+
(m2b − µ2b)∆2
4g2
+
1
2
∑
e=±
∫
d3k
(2π)3
{
ωek + 2T ln
[
1− exp
(
−ω
e
k
T
)]}
. (10)
We have used Eq. (8) and denoted the quasi-partile energy for fermions (e = +1) and antifermions (e = −1) by
ǫek =
√
(ǫk0 − eµ)2 +∆2 , ǫk0 =
√
k2 +m2 , (11)
and the (anti)boson energy by
ωek =
√
k2 +m2b − eµb . (12)
Furthermore, we have assumed ∆ (and thus φ) to be real.
C. Crossover parameter
We shall now dene the rossover parameter whose variation arries the system from the BCS to the BEC regime.
Let us rst reall the orresponding rossover parameter in a purely fermioni model. In this ase, the fermioni
oupling G has to be renormalized. This is in ontrast to the weak-oupling regime where the gap equation is well-
dened with the bare oupling G (a natural uto is provided by the Debye frequeny in the non-relativisti ase; in
QCD, the gap is a funtion of momentum and peaks around the Fermi surfae, providing a regular behavior of the
gap equation). The renormalized oupling is proportional to the sattering length. In the ontext of old fermioni
atoms, the sattering length is the physial quantity whih an be ontrolled upon tuning the external magneti eld.
For the relativisti ase, see Ref. [17℄ for the relation between the renormalized oupling and the sattering length.
The denition of the rossover parameter in the present model goes along the same lines. Instead of a renormalized
oupling we introdue the renormalized boson mass
m2b,r = 4g
2 ∂Ω
∂∆2
∣∣∣∣
∆=µ=T=0
= m2b − 4g2
∫
d3k
(2π)3
1
ǫk0
. (13)
This allows us to dene the (renormalized) rossover parameter
x ≡ −m
2
b,r − µ2b
4g2
. (14)
4The parameter x an be varied from negative values with large modulus (BCS) to large positive values (BEC). In
between, x = 0 is the unitary limit [2426℄. Therefore, 1/x behaves similar to the sattering length: the BCS (BEC)
limit is approahed via 1/x ↑ 0 (1/x ↓ 0) while the unitary regime orresponds to 1/x = ±∞.
We may thus write the thermodynamial potential in terms of the parameters (x, g) instead of the original pair
(mb, g). To this end, we have to express the bare boson mass mb in terms of x and g. With the help of Eqs. (13) and
(14) we nd
m2b − µ2b = 4g2
(∫
d3k
(2π)3
1
ǫk0
− x
)
≡ 4g2(x0 − x) . (15)
For suiently small fermion masses, m≪ Λ, where Λ is the uto in the momentum integrals, we have
x0 ≃ Λ
2
4π2
. (16)
One sees from Eq. (15) that x0 is an upper limit for x in order to ensure non-negative bosoni oupation numbers.
Moreover, in the limit of large x→ x0 the boson hemial potential approahes the (bare) boson mass, µb → mb. The
ondition of Bose-Einstein ondensation in a free bosoni system with xed bosoni harge is µb = mb. In the present
model, however, we shall observe a nonzero Bose ondensate also for µb < mb, orresponding to x < x0.
Having dened the rossover parameter x and its denition range x ∈ [−∞, x0], we note that, within our simple
model, we are left with the seond free parameter g. We shall disuss below how the hoie of g eets the behavior
of the system in the BCS-BEC rossover. For most of our results we shall, however, use a single xed value of g.
D. Densities and gap equation
Next, we derive the harge onservation equation and the gap equation whih shall later be solved numerially. The
total harge density
n = −∂Ω
∂µ
(17)
an, using Eq. (10), be written as
n = nF + n0 + nB . (18)
Here, the fermioni ontribution is given by
nF ≡ 2
∑
e=±
e
∫
d3k
(2π)3
ξek
2ǫek
[fF (ǫ
e
k)− fF (−ǫek)] , (19)
where we abbreviated
ξek ≡ ǫk0 − eµ , (20)
and fF is the Fermi distribution funtion, fF (x) = 1/[exp(x/T ) + 1]. The fator 2 in front of the sum in Eq. (19)
originates from the two spin degrees of freedom. From Eq. (19) one reovers the limit ase of a free Fermi gas at zero
temperature,
nF (∆ = T = 0) =
(µ2 −m2)3/2
6π2
[Θ(µ−m)−Θ(−µ−m)] . (21)
The ondensate density is
n0 ≡ µb∆
2
g2
, (22)
and the thermal boson ontribution is
nB ≡ 2
∑
e=±
e
∫
d3k
(2π)3
fB(ω
e
k) , (23)
5where fB is the Bose distribution funtion, fB(x) = 1/[exp(x/T )− 1]. The fator 2 in the boson densities originates
from Eq. (3), i.e., from the fat that eah boson is omposed of two fermions. For the following, let us also dene the
harge frations
ρB/F ≡
nB/F
n
, ρ0 ≡ n0
n
, (24)
and an eetive Fermi momentum pF through
n =
p3F
3π2
. (25)
The eetive Fermi energy is then given by ǫF ≡
√
p2F +m
2
. The various densities appearing on the right-hand
side of Eq. (18) are interpreted as follows. The fermions that ontribute to nF are, for temperatures below the
superuid transition temperature, onstituents of weakly oupled Cooper pairs. For temperatures larger than the
transition temperature, nF orresponds to free fermions. The bosons that ontribute to the boson density nB are, for
all temperatures, unondensed moleular bound states, omposed of two fermions. Condensation of these pairs an
only our below the transition temperature and results in a nonzero ondensate density n0.
In order to nd the gap equation in the ase of a xed harge density, we have to minimize the free energy density
F = Ω+ µn . (26)
Here, µ is an impliit funtion of n (and of the gap ∆) through Eq. (17). Minimization with respet to ∆ yields
0 =
dF
d∆
=
∂Ω
∂∆
+
∂Ω
∂µ
∂µ
∂∆
+ n
∂µ
∂∆
=
∂Ω
∂∆
, (27)
where Eq. (17) has been used. For ∆ 6= 0 Eq. (27) reads
−x =
∑
e=±
∫
d3k
(2π)3
(
1
2ǫek
tanh
ǫek
2T
− 1
2ǫk0
)
. (28)
Note that the density n in Eq. (18) was obtained by taking the derivative with respet to µ at xed mb (not at xed
x). This is neessary to obtain a nonzero ondensate ontribution n0. Also the equivalene of dF/d∆ and ∂Ω/∂∆ in
Eq. (27) is obtained under this premise. At xed mb we get µ by solving Eqs. (18) and (28). We an then obtain x
from mb and µ via Eq. (14). In this way we have a one-to-one mapping between mb and x. Here we should emphasize
that the urrent ase is dierent from that x is xed from the very beginning before Eq. (18) is derived.
III. RESULTS AND DISCUSSION
The two oupled equations (18) and (28) with the denitions (19), (22), and (23) shall be used in the following to
determine the gap ∆, and the hemial potential µ as funtions of the rossover parameter x, see Eq. (14), and the
temperature T at xed eetive Fermi momentum pF , fermion mass m, and boson-fermion oupling g. The solution
[∆(x, T ), µ(x, T )℄ an then, in turn, be used to ompute the densities of fermions and bosons in the x-T plane. We
shall present results for the zero-temperature ase, Se. III A, and at the ritial temperature Tc, Se. III B. Then, we
show results for a xed x and arbitrary temperature T , Se. III C. Throughout these subsetions, we shall x
pF
Λ
= 0.3 ,
m
Λ
= 0.2 , g = 4 . (29)
In Se. III D we present the ratios ∆0/µ0 and Tc/∆0 for dierent values of m and g as a funtion of x. Here and in
the following, we use the subsript 0 at ∆ and µ to denote the zero-temperature value.
A. Zero temperature
For T = 0, there are no thermal bosons, nB = 0, and Eqs. (18) and (28) beome
n = nF + n0 , (30a)
−x =
∑
e=±
∫
d3k
(2π)3
(
1
2ǫek
− 1
2ǫk0
)
, (30b)
6with the zero-temperature expressions for the fermion densities
nF ≡ 2
∑
e=±
e
∫
d3k
(2π)3
ξek
2ǫek
. (31)
The numerial results for the solution of the oupled equations (30a) and (30b) are shown in Fig. 1. The left panel
shows the fermion hemial potential µ0 and the gap ∆0 as funtions of x. In the weak-oupling regime (small x) we
see that the hemial potential is given by the Fermi energy, µ0 = ǫF . For the given parameters, ǫF /Λ ≃ 0.36. The
hemial potential dereases with inreasing x and approahes zero in the far BEC region. The gap is exponentially
small in the weak-oupling region, as expeted from BCS theory. It beomes of the order of the hemial potential
around the unitary limit, x = 0, and further inreases monotonially for positive x. In the unitary limit, we have
µ/ǫF ≃ 0.37, while in nonrelativisti fermioni models µ/ǫF ≃ 0.4− 0.5 was obtained [2426℄.
The orresponding fermion and boson densities are shown in the right panel of Fig. 1. These two urves show
the rossover: at small x all Cooper pairs are resonant states, whih is haraterized by a purely fermioni density,
n = nF ; at large x, on the other hand, Cooper pairs are bound states and hene there are no fermions in the system.
The harge density is rather dominated by a bosoni ondensate, n = n0. The rossover region is loated around
x = 0. We an haraterize this region quantitatively as follows. We write the boson mass as mb = 2m − Ebind.
Then, a bound state appears for positive values of the binding energy Ebind, i.e., for 2m > mb. With Eq. (15) this
inequality reads
µ20 < m
2 − g2(x0 − x) . (32)
Sine µ0 is a monotonially dereasing funtion of x, this relation suggests (note that x0 − x > 0 by onstrution):
(i) for suiently large x < x0 bound states appear for any xed g (ii) the larger g the later (= larger values of x)
bosoni states appear. We have onrmed these two statements numerially by using dierent values of g. The value
g = 4 is hosen suh that there is an approximately balaned oexistene of fermions and bosons at x = 0, nF ≃ n0,
as an be seen in the right panel of Fig. 1.
One may ask whether there is a ontribution of antifermions to the total fermion harge. In the BCS regime
there is a Fermi surfae given by µ > 0 and antifermion exitations are obviously suppressed. However, during the
rossover, µ dereases and there might be the possibility of the appearane of antifermions. The ontributions of
fermions and antifermions to the total fermion harge seem to be given by the terms e = +1 and e = −1 in Eq. (31).
A separate disussion of these terms is not straightforward beause they ontain divergent ontributions whih anel
in the sum but not in eah term separately. Thus, a renormalization of both terms would be required. In the BCS
regime, x → −∞, vauum ontributions ∝ Λ3 have to be subtrated. For nonzero values of the gap, however, more
divergent terms appear, involving powers of both the uto and the gap. (Note that this problem is not unlike the one
enountered in Ref. [27℄, where medium-dependent ounter terms were introdued in the alulation of the Meissner
mass. In fat, we shall hoose a similar renormalization in the following alulation of the energy density.)
In any ase, separate harges of fermions and antifermions are not measurable quantities sine any potential experi-
ment would solely measure the total harge. Therefore, we shall desribe the onset of a nonzero antipartile population
in terms of the energy density. In this quantity, we expet the ontributions from partiles and antipartiles to add
up, in ontrast to the harge density where the ontributions (partially) anel eah other.
Let us rst disuss the quasi-fermion and quasi-antifermion exitation energies given by ǫ+k and ǫ
−
k from Eq. (11).
Inserting the numerial solutions for µ and ∆ into these energies results in the urves shown in Fig. 2. These
exitation energies show that, for large values of x, quasi-fermions and quasi-antifermions beome degenerate due
to the vanishingly small hemial potential. Beause of the large energy gap, we expet neither quasi-fermions nor
quasi-antifermions to be present in the system.
This statement an be made more preise and generalized to nonzero temperatures upon onsidering the energy
density E. Using the thermodynami potential density Ω from Eq. (10) and the entropy density S = −∂Ω/(∂T ) we
have E = Ω + µn+ TS. We obtain
E = EF + EB , (33)
with the fermioni and bosoni ontributions
EF = −
∑
e
∫
d3k
(2π)3
ǫek[1− 2fF (ǫek)] + µnF , (34a)
EB =
1
2
∑
e
∫
d3k
(2π)3
ωek[1 + 2fB(ω
e
k)] + (x0 − x)∆2 + µ(n0 + nB) . (34b)
7The renormalization of the fermioni part an now be hosen suh that there are no quasi-partiles at T = nF = 0, in
aordane with the above argument. Hene we subtrat the vauum ontribution EF (T = nF = 0) to obtain the
renormalized energy density
EF,r = 2
∑
e
∫
d3k
(2π)3
ǫekfF (ǫ
e
k) + µnF . (35)
For T = 0, only the seond term survives (remember that ǫek > 0), and EF behaves as shown in the left panel of Fig.
3. For nonzero temperatures, however, we see that there is a nonzero fermioni energy density even for nF = 0. This
is related to the exitation of quasi-antifermions, as we shall disuss in the next subsetion.
For the bosoni energy density, we subtrat the analogous vauum part EB(T = n0 + nB = 0). Hene we obtain
the renormalized energy density
EB,r =
∑
e
∫
d3k
(2π)3
ωekfB(ω
e
k) + µ(n0 + nB) . (36)
At T = 0, we have EB,r = µn0, whih is shown in the left panel of Fig. 3. We see that the bosoni energy density
vanishes in the BCS regime beause there is no Bose ondensate in this ase, n0 = 0. In the far BEC regime, where
n0 6= 0, the energy density vanishes too beause the boson hemial potential, sine oupled to the fermion hemial
potential, vanishes. Only in the rossover region, where both the ondensate and the hemial potential are nonzero,
the energy density is nonvanishing.
Figure 1: (Color online) Crossover at zero temperature from the BCS regime (small x) to the BEC regime (large x). Left
panel: fermion hemial potential µ0 (blue dotted) and gap ∆0 (red dashed) in units of eetive Fermi energy ǫF . Right panel:
ondensate fration (red solid), fermion fration (blue solid).
B. Critial temperature
In this setion, we alulate the ritial temperature Tc and the orresponding partile densities as funtions of x.
Upon setting ∆ = 0 in the harge density equation (18) and the gap equation (28) one obtains
n = nF + nB , (37a)
−x =
∑
e=±
∫
d3k
(2π)3
(
1
2ξek
tanh
ξek
2Tc
− 1
2ǫk0
)
, (37b)
with the fermion density
nF ≡ 2
∑
e=±
e
∫
d3k
(2π)3
fF (ξ
e
k) , (38)
8Figure 2: (Color online) Fermion and antifermion exitation energies ǫ+k and ǫ
−
k as dened in Eq. (11) for three dierent values
of the rossover parameter x/x0 at T = 0 as a funtion of the momentum k (both ǫ
e
k and k are given in units of ǫF ). In the BCS
regime (left panel) the energy gap is small and the fermion exitations are well separated from antifermion exitations. Both
exitations approah eah other in the unitary regime (middle panel), and beome indistinguishable in the far BEC regime
(right panel). Note in partiular that the minimum of the antipartile exitation is not a monotoni funtion of x.
Figure 3: (Color online) Energy density of fermions and bosons in units of ǫFn at T = 0 (left panel) and at T = Tc (right
panel). In the BCS regime, EF = ǫFn and EB = 0 for all temperatures. The large fermioni and bosoni energy densities in
the BEC regime at T = Tc indiate the oupation of (quasi-)antipartile modes.
and the boson density given by Eq. (23). Stritly speaking, the original gap equation (28) is only valid for nonzero
∆ (in its derivation, one has to divide by ∆). Therefore, Eq. (37b) has to be understood as a limit for approahing
the ritial temperature from below, T ↑ Tc, i.e., for innitesimally small ∆. Eqs. (37a) and (37b) an now be used
to determine Tc and the orresponding hemial potential µc.
The results are shown in the left panel of Fig. 4. We see that the hemial potential behaves qualitatively as for
zero temperature. The ritial temperature, while exponentially small in the BCS regime, beomes of the order of
and then larger than the hemial potential during the rossover. This is one of the harateristis of the strong
oupling regime and one reason why this model (in its nonrelativisti version) is used to desribe high-temperature
superondutivity [21℄. In Se. III D we use the ratio Tc/∆0 to illustrate the high-Tc behavior.
The right panel of Fig. 4 shows the partile density frations for fermions and bosons. A rossover similar to the
zero-temperature ase an be seen. The density frations of fermions and bosons suggest that the rossover is shifted
to a slightly larger value of x ompared to the zero-temperature ase. While at zero temperature nF = n0 ours at
x/x0 ≃ 0, here we have nF = nB at x/x0 ≃ 0.3. It is lear that there is no Bose ondensate at T = Tc; the bosoni
population rather onsists of thermal moleules. These are unondensed, strongly-oupled Cooper pairs (see Ref. [28℄
for a reent disussion of this eet in the ontext of old atoms). We see that unondensed pairs do not exist in the
BCS limit. In this ase, the superuid phase transition ours abruptly, with pair formation and ondensation at
the same temperature.
In the right panel of Fig. 3 we show the fermion and boson energy densities. These urves are obtained by inserting
the solutions for µc and Tc into Eq. (35) and (36) and making use of ∆ = 0. We see that, in ontrast to the zero-
temperature ase, the fermioni energy density inreases with x despite nF → 0. This is easy to understand from the
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orresponding quasi-fermion exitations. For all temperatures, the vanishing hemial potential renders quasi-partiles
and quasi-antipartiles degenerate. Whereas at T = 0 they are both gapped by ∆, at T = Tc they are gapped only
by the fermion mass m. For large values of x we have Tc ≫ m and quasi-fermions as well as quasi-antifermions an
be thermally exited. In this ontext, it would be interesting to onsider the formation of hiral ondensates whih
may be initiated by the degeneray of quasi-fermions and quasi-antifermions. We leave this extension of the model
for future studies.
The large inrease of the bosoni energy density an be understood in the same way. Note, however, that, in ontrast
to the fermion mass, the boson mass dereases with inreasing rossover parameter x. This dierene, together with
the dierent statistis of bosons and fermions gives rise to the qualitatively dierent behavior of EB,r ompared to
EF,r. The strong inrease of antipartile densities has also been predited in other models and has been termed
relativisti BEC (RBEC) [16, 17℄. The relativisti eets have also been studied in Ref. [18℄.
Figure 4: (Color online) Crossover at the ritial temperature. Left panel: fermion hemial potential µc (blue dotted) and
ritial temperature Tc (red dashed) in units of the eetive Fermi energy ǫF . Right panel: fermion fration (blue solid),
thermal boson fration (red solid).
C. Fixed oupling
In the previous two subsetions we have presented the solution of Eqs. (18) and (28) along two lines in the x-T
plane: along the line T = 0 (Se. III A) and along the (urved) line T = Tc (Se. III B). Now we explore a third path
by xing the rossover parameter and vary the temperature from zero to values beyond Tc. We shall use x/x0 = 0.2
whih is in the intermediate-oupling regime, where both fermioni and bosoni populations are present. For T < Tc,
we use Eqs. (18) and (28) to determine µ and ∆. For T > Tc, the gap vanishes, ∆ = 0, i.e., we have the single
equation (37a) to determine the hemial potential µ.
The ondensate and the fermion and boson density frations are shown in Fig. 5. At the left end, T = 0, one
reovers the results shown in Fig. 1 at the partiular value x/x0 = 0.2, while the point T/Tc = 1 reprodues the
respetive result shown in Fig. 4. The seond-order phase transition manifests itself in a kink in the density frations
and a vanishing ondensate. Below Tc we observe oexistene of ondensed bound states, ondensed resonant states,
and, for suiently large temperatures, unondensed bound states. We obtain thermal bosons even above the phase
transition. They an be interpreted as preformed pairs, just as the unondensed pairs below Tc. This phenomenon
is also alled pseudogap in the literature [28, 29℄. It suggests that there is a temperature T ∗(x) whih marks the
onset of pair formation. This temperature is not neessarily idential to Tc. In the BCS regime, T
∗(x) = Tc(x), while
for x & 0, T ∗(x) > Tc(x). Of ourse, our model does not predit any quantitative value for T ∗ beause thermal bosons
are present for all temperatures. Therefore, we expet the model to be valid only for a limited temperature range
above Tc.
D. The ratios ∆0/µ0 and Tc/∆0
We nally present the results for the ratios ∆0/µ0, and Tc/∆0. They shall serve as a disussion of the dependene
of our results on the boson-fermion oupling g and the fermion mass m. Both g and m were xed throughout the
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Figure 5: (Color online) Density frations in the rossover regime at xed x/x0 = 0.2 as funtions of temperature: ondensed
bosons (red solid), fermions and unondensed bosons (blue dotted and red dashed, respetively).
previous setions. Moreover, we shall see that we reprodue values of these ratios obtained in dierent models in
ertain limit ases.
Fig. 6 shows the ratio ∆0/µ0, using the results for ∆0 and µ0 from Se. III A. From both panels one an read o the
value of the ratio in the unitary limit, x → 0. For the fermion mass that has been used in the previous subsetions,
m/Λ = 0.2, we nd 1.2 . ∆0/µ0 . 1.4. The exat value depends on the hoie of g. This range is in agreement with
nonrelativisti, purely fermioni models [2426℄. The right panel shows that the ratio in the unitary limit dereases
with dereasing fermion mass. In partiular, in the ultrarelativisti limit m = 0 we nd ∆0/µ0 ≃ 1.0.
In Fig. 7 we show the ratio Tc/∆0, using the result for Tc from Se. III B. From BCS theory we know
lim
x→−∞
Tc
∆0
=
eγ
π
≃ 0.57 , (39)
where γ ≃ 0.577 is the Euler-Masheroni onstant. This value is reprodued in our results, independent of g and m.
Upon inreasing the rossover parameter x, the ratio deviates from its BCS value and inreases substantially during
the rossover where it strongly depends on the oupling g. Therefore we make no preditions for its value in the
unitary regime. However, we see that in the BEC regime, the value again beomes independent of the parameters
and assumes a value
lim
x→x0
Tc
∆0
≃ 0.50 . (40)
IV. TWO-SPECIES SYSTEM WITH IMBALANCED POPULATIONS
It is straightforward to extend our boson-fermion model to two fermion speies with ross-speies pairing. This
allows us to introdue a mismath in fermion numbers and hemial potentials whih imposes a stress on the pairing.
This kind of stressed pairing takes plae in a variety of real systems. For example, quark matter in a ompat star is
unlikely to exhibit standard BCS pairing in the olor-avor loked (CFL) phase, i.e., pairing of quarks at a ommon
Fermi surfae. The ross-avor (and ross-olor) pairing pattern of the CFL phase rather suers a mismath in
hemial potentials in the pairing setors bu − rs and bd − gs (r, g, b meaning red, green, blue, and u, d, s meaning
up, down, strange). This mismath is indued by the expliit avor symmetry breaking through the heaviness of
the strange quark and by the onditions of olor and eletri neutrality. Our system shall only be an idealized and
simplied model of this ompliated senario. However, as in the previous setions, we shall allow for arbitrary values
of the rossover parameter and thus model the strong oupling regime of quark matter. We shall x the overall harge
and the dierene in the two harges. This is omparable to the eet of neutrality onditions for matter inside a
ompat star, whih also impose onstraints on the various olor and avor densities. Our fous will be to nd stable
homogeneous superuids in the rossover region and, by disarding the unstable solutions, identify parameter values
where the rossover in fat beomes a phase transition. We shall restrit ourselves to zero temperature and defer the
full analysis of the two-speies system to a future study [30℄.
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Figure 6: (Color online) Ratio of gap over hemial potential at zero temperature for rossover parameters x/x0 < 0 on a
logarithmi sale. The left end of the horizontal axis orresponds to the BCS regime, the right end, where x→ 0, orresponds
to the unitary regime. Left panel: ratio for dierent values of the boson-fermion oupling g. Right panel: ratio for dierent
values of the fermion mass.
Figure 7: (Color online) Ratio of ritial temperature over zero-temperature gap throughout the BCS-BEC rossover. Left
panel: ratio for dierent values of the boson-fermion oupling g. Right panel: ratio for dierent values of the fermion mass.
A. Two-fermion system
We start by replaing the fermion spinor ψ in the Lagrangian (1) with a two-omponent spinor
ψ =
1√
2
(
ψ1
ψ2
)
, (41)
and the hemial potential µ with the matrix diag(µ1, µ2). The fator 1/
√
2 aounts for the same normalization for
the total fermion number as in the ase of single fermion speies. We assume both fermions to have the same mass m.
Cross-speies pairing is taken into aount in the interation part of the Lagrangian LI in (2) whih is now replaed
by
LI = g (ϕψCiγ5σ1ψ + ϕ∗ψiγ5σ1ψC) , (42)
where the Pauli matrix σ1 is a matrix in the two-speies spae. We denote the average hemial potential and the
mismath in hemial potentials by
µ ≡ µ1 + µ2
2
, δµ ≡ µ1 − µ2
2
. (43)
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Then, the bosoni hemial potential is
µb = 2µ . (44)
The thermodynami potential diers from the one-fermion ase in the dispersion relation for the fermions,
Ω =
m2b − µ2b
4g2
∆2 +
1
2
∑
e
∫
d3k
(2π)3
[
ωek + 2T ln
(
1− e−ωek/T
)]
−
∑
e
∫
d3k
(2π)3
{
ǫek + T ln
[
1 + e−(ǫ
e
k
+δµ)/T
]
+ T ln
[
1 + e−(ǫ
e
k
−δµ)/T
]}
, (45)
where
ǫek =
√
(ǫk0 − eµ)2 +∆2 (46)
and ωek as in Eq. (12). At zero temperature Ω beomes
Ω =
m2b − µ2b
4g2
∆2 −
∑
e
∫
d3k
(2π)3
[ǫek + (δµ− ǫek)Θ(δµ− ǫek)] . (47)
The partile number densities for eah speies are derived from the thermodynami potential,
ni = − ∂Ω
∂µi
=
n0
2
+ nf,i, (i = 1, 2) , (48)
where n0 is given by Eq. (22) and
nf,1/2 =
∑
e
e
∫
d3k
(2π)3
[
ǫek − ξek
2ǫek
± eΘ(δµ− ǫek)
ǫek ± eξek
2ǫek
]
. (49)
We shall evaluate the model for xed sum and dierene of the partile number densities
n ≡ n1 + n2 = −∂Ω
∂µ
= n0 −
∑
e
∫
d3k
(2π)3
eξek
ǫek
Θ(ǫek − δµ), (50a)
δn ≡ n1 − n2 = − ∂Ω
∂δµ
=
∑
e
∫
d3k
(2π)3
Θ(δµ− ǫek) . (50b)
Of ourse, the bosons ontribute equally to both partile numbers and thus do not appear in δn. The gap equation
beomes
−x =
∑
e
∫
d3k
(2π)3
[
Θ(ǫek − δµ)
1
2ǫek
− 1
2ǫk0
]
. (51)
We shall solve Eqs. (50) and (51) for the variables µ¯, δµ, and ∆.
B. Possible Fermi surfae topologies
Before we solve the equations, let us omment on their struture, in partiular the appearane of the step funtion.
It is onvenient to rewrite the step funtions suh that their eet an be translated into the boundaries of the dk
integration. Furthermore, it is instrutive to disuss the dierent partile and antipartile oupation numbers in
momentum spae with the help of the step funtions. As we shall see, the oupation numbers are disontinuous at
the zeros of the dispersion relation ǫek − δµ. We assume without loss of generality that µ, δµ > 0 (in the numerial
solution we ensure this by hoosing n, δn > 0). We abbreviate
ζ± ≡ µ±
√
δµ2 −∆2 , ρ± ≡ ζ2± −m2 . (52)
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ases harateristis parameter region N+f,i(k) (fermions) N
−
f,i(k) (anti-fermions)
I fully gapped δµ < ∆ or ζ+ < m N
+
f1 = N
+
f2 = N
+
gap N
−
f1 = N
−
f2 = N
−
gap
II
breahed for fermions
gapped for anti-fermions
m < ζ− < ζ+
N+f1 = 1, N
+
f2 = 0, k ∈ [
√
ρ−,
√
ρ+]
N+f1 = N
+
f2 = N
+
gap, k /∈ [√ρ−,√ρ+]
same as ase I
III
single EFS for fermions
gapped for anti-fermions
|ζ−| < m < ζ+ N
+
f1 = 1, N
+
f2 = 0, k ∈ [0,
√
ρ+]
N+f1 = N
+
f2 = N
+
gap, k /∈ [0,√ρ+]
same as ase I
IV
single EFS for fermions
single EFS for anti-fermions
m < −ζ− < ζ+ same as ase III N
−
f1 = 0, N
−
f2 = −1, k ∈ [0,
√
ρ−]
N−f1 = N
−
f2 = N
−
gap, k /∈ [0,√ρ−]
Table I: Four possible parameter ongurations and orresponding fermion (e = +) and antifermion (e = −) oupation
numbers Nef,i(k) (i = 1, 2). The oupation numbers are dened as the integrand in Eq. (49). We abbreviate eetive Fermi
surfae by EFS and Negap ≡ e(ǫek − ξek)/(2ǫek). The dierent ases are illustrated in Fig. 8.
Then, the step funtions are
Θ(δµ− ǫ+k ) = Θ(δµ−∆)
[
Θ(ρ+)Θ(
√
ρ+ − k)−Θ(ζ−)Θ(ρ−)Θ(√ρ− − k)
]
, (53a)
Θ(δµ− ǫ−k ) = Θ(δµ−∆)Θ(−ζ−)Θ(ρ−)Θ(
√
ρ− − k) . (53b)
We see that the step funtions only give a ontribution if δµ > ∆. Three dierent terms our, eah orresponding to a
dierent senario, distinguished by the topology of the eetive Fermi surfaes of fermions and antifermions. Together
with the fully gapped state, these are four possible ases. We list these ases and their harateristis in Table I and
Fig. 8. The fermion dispersion (e = +) has either zero, one, or two zeros. A zero orresponds to an eetive Fermi
sphere. In partiular, a fully gapped state is haraterized by the disappearane of any Fermi surfae. The ase of two
eetive Fermi surfaes is termed breahed pairing, following the usual terminology [31℄. The antifermion dispersion
(e = −), in ontrast, an have either zero or one eetive Fermi surfaes. Here, the asymmetry between fermions and
antifermions is given by the hoie µ > 0. Hene there is no breahed pairing for antifermions. We nd the interesting
possibility of lled Fermi surfaes for fermions of speies 1 and antifermions of speies 2, see ase IV in Table I and
lower right panel in Fig. 8. In Se. IVD we shall see that this is indeed a stable solution for ertain values of the
rossover parameter.
C. Number suseptibilities
In order to hek the gapless states for their stability, we have to ompute the number suseptibility matrix [5, 6℄
χij ≡ dni
dµj
, i = 1, 2 . (54)
Note that we x n and δn (or equivalently n1 and n2) in our solution. Hene χ an be regarded as measuring the
response of the system to a small perturbation away from this solution. In partiular, a stable solution requires the
mismath in density to inrease for an inreasing mismath in hemial potentials. Therefore, a negative eigenvalue
of this 2×2 matrix indiates the instability of a given solution. The suseptibility is evaluated upon using
χij =
1
2
dn0
dµj
+
dnf,i
dµj
=
∆2
2g2
+
(
2µ¯∆
g2
+
∂nf,i
∂∆
)
∂∆
∂µj
+
∂nf,i
∂µj
. (55)
The partial derivatives of the fermion densities with respet to the gap and hemial potentials are straightforwardly
omputed with the help of Eq. (49). The partial derivative of the gap with respet to the hemial potentials an be
omputed from the gap equation. To this end, we take the (total) derivative with respet to µ1/2 on both sides of Eq.
(51) and solve the equation for ∂∆/∂µ1/2. The results for the various terms are given in Appendix A.
D. Stable and unstable gapless superuids
We rst present the results for a ertain mismath in densities,
δn
n
= 0.5 . (56)
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Figure 8: (Color online) Oupation numbers for fermions (red) and anti-fermions (blue). Solid and dotted lines are for speies
1 and 2 respetively. The panels illustrate the qualitatively dierent ases I through IV from Table I. Note that dotted and
solid lines oinide in various regions, e.g., for all k in the upper left panel. See last two olumns of Table I for the preise form
of the oupation numbers.
Moreover, we use n = p3F /(3π
2), and pF , m, g, as in the main part of the paper, see Eq. (29). Then, for T = 0 we have
a set of oupled equations (50) and (51) for any value of the rossover parameter x. We solve this set of equations
for µ, δµ, and ∆. The results are shown in Fig. 9. The left panel shows that the behavior of the average hemial
potential and the gap are not unlike the ase with a single fermion speies, f. Fig. 1. Moreover, we see that δµ > ∆
for all x. This is lear from Eq. (50b): any nonzero δn goes along with δµ > ∆. In other words, the standard fully
gapped pairing does not allow (at T = 0) for a dierene in fermion numbers. Thus all solutions orrespond to gapless
pairing and ase I in Table I and Fig. 8 does not appear. We have indiated in Fig. 9 for whih values of x whih of
the ases II, III, and IV ours. We have also marked the onset of instability. Evaluation of the suseptibility matrix
χ(µ, δµ,∆) yields negative eigenvalues for x . −0.04 x0 ≡ x− and x & 0.28 x0 ≡ x+. In fat, one of the eigenvalue
diverges at these points. Denoting the two eigenvalues of χ by χ1, χ2, we have
χ1 →
{
+∞ for x ↓ x− , x ↑ x+
−∞ for x ↑ x− , x ↓ x+
, (57a)
χ2 > 0 for all x . (57b)
Unstable regions of negative χ1 are shaded in both panels of the gure. We see that the breahed pair solution is
always unstable. This is expeted from similar results from mean-eld studies for nonrelativisti systems [6℄ as well as
quark matter (gapless CFL and 2SC phases [32℄). Interestingly, the stable region onsists of two qualitatively distint
states, labelled by III and IV. The system aounts for a given dierene in number densities not only by lling an
eetive Fermi surfae with partiles of speies 1 (state III), but also by additionally lling an anti-Fermi surfae of
speies 2 (state IV). An interesting feature of this state is that in the limit of equal Fermi surfaes (1 and anti-2)
all harges (n1 and n2) are onned in the Fermi sphere, just as in the unpaired phase. This an be seen from the
lower right panel in Fig. 8: the total oupation numbers for momenta larger than the eetive Fermi momentum
vanish sine partile and antipartile ontributions anel eah other. Before this limit is reahed, however, this state
beomes unstable for x > x+. This instability in the BEC regime is in ontrast to nonrelativisti systems, where a
gapless solution (there with a single eetive Fermi surfae) persists throughout the BEC region [5℄.
15
Figure 9: (Color online) The rossover with imbalaned population at zero temperature. Left panel: µ (blue dashed), δµ (blak
solid) and ∆ (red dotted) in units of ǫF for xed n and δn. Right panel: bosoni (red dotted) and fermioni (blue dashed)
density frations. The shaded parameter regions are unstable with respet to a negative suseptibility. The states II, III, and
IV orrespond to the respetive Fermi surfae topologies disussed in Table I.
The right panel of Fig. 9 shows the bosoni and fermioni number density frations, f. Fig. 1 for the analogous
urves without mismath. Taking the value of x where ρ0 = ρF as an indiator, we see that the BCS-BEC rossover is
shifted to a larger value of x (x ≃ 0 vs. x ≃ 0.1 x0). Of ourse, what was a rossover in Fig. 1 is now atually replaed
by at least two phase transitions. The regions marked as unstable will be replaed by a dierent phase. It is beyond
the sope of this paper to determine these phases, but it an be expeted that they are spatially inhomogeneous,
for instane a mixed phase where a superuid and normal phases are spatially separated, or some kind of Larkin-
Ovhinnikov-Fulde-Ferrell (LOFF) state [33℄. In the stable region we see that the hange in Fermi surfae topologies
(from state III to IV) is visible in the boson and fermion frations whih exhibit a kink at this point.
We nally present a phase diagram in Fig. 10 for arbitrary (positive) values of δn/n. Sine we do not onsider
spatially inhomogeneous phases, this phase diagram is inomplete. Its main point is to identify regions where homo-
geneous gapless superuids may exist. We nd that for suiently large mismathes, δn/n & 0.02 there is a region
where no solution with nonzero ∆ an be found (we have not shown this region in the above results for δn/n = 0.5).
We see that the region of stable superuids shrinks with inreasing δn/n, as expeted. Note that the horizontal axis
δn/n = 0 is not ontinuously onneted to the rest of the phase diagram. For vanishing mismath in densities a stable,
fully gapped superuid exists for all x, as we saw in the main part of the paper. One should thus not be misled by
the instability for arbitrarily small mismathes.
We onlude with emphasizing the two main qualitative dierenes to analogous phase diagrams in nonrelativisti
systems: (i) within the stable region of homogeneous gapless superuids there is a urve that separates two dierent
Fermi surfae topologies; this is the right dashed-dotted line in Fig. 10. (ii) for large x the gapless superuid beomes
unstable even in the far BEC region; this is the shaded area on the right side in Fig. 10.
V. SUMMARY AND OUTLOOK
We have studied the relativisti BCS-BEC rossover for zero and nonzero temperatures within a boson-fermion
model. Variations of this model have previously been used for nonrelativisti systems in order to study old fermioni
atoms and high-temperature superondutors. The bosons of the model are bound states of fermion pairs. Conversion
of two fermions into a boson and vie versa is implemented by requiring hemial equilibrium with respet to this
proess. The rossover is realized by varying an eetive oupling strength x, onstruted from the dierene between
the renormalized boson mass mb,r and the boson hemial potential µb, and the boson-fermion oupling onstant g,
x = −(m2b,r − µ2b)/(4g2). In this form, 1/x plays the role of the sattering length, in partiular 1/x = ±∞ in the
unitary limit. We have evaluated the model in its simplest form, employing a mean-eld approximation.
An important property of the model is the oexistene of weakly-oupled Cooper pairs with ondensed and unon-
densed bosoni bound states. In the rossover regime as well as in the BEC regime, strongly-bound moleular Cooper
pairs exist below and above the ritial temperature Tc. Above Tc, they are all unondensed (preformed Cooper
pairs) while below Tc a ertain fration of them forms a Bose-Einstein ondensate. In ontrast, in the BCS regime,
pairing and ondensation of fermioni degrees of freedom (in the absene of bosons) both set in at Tc.
Furthermore, we have haraterized the onset of nonzero antifermion and antiboson populations during the rossover
by omputing the energy density. The reason for the appearane of antipartiles is the strong derease of the fermion
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Figure 10: The phase diagram in the plane of the rossover parameter x and the density dierene δn/n. Shaded areas have
unstable homogeneous solutions with negative number suseptibility. NS denotes normal state; in this region, no solution for
the gap equation is found. gSF denotes gapless superuid; in this region a stable gapless superuid state is found with two
dierent Fermi surfae topologies, divided by the right dashed-dotted line. The labels II, III, and IV refer to the states listed
in Table I.
hemial potential. While the fermion hemial potential is idential to the Fermi energy in the BCS regime, it reahes
values well below the fermion mass in the BEC regime. As a onsequene, partile and antipartile exitation energies
beome almost idential and thus antipartiles are present for nonvanishing temperatures.
Finally, we have extended the model by onsidering two fermion speies with mismathed densities. This ase has
been evaluated for zero temperature. We have found stable gapless superuids in the rossover region. In ontrast to
nonrelativisti systems, we found no stable homogeneous phase in the far BEC region. Moreover, two dierent stable
Fermi surfae ongurations have been identied. Besides a state with a single eetive Fermi surfae, also found in
nonrelativisti systems, we found the possibility of a superuid phase with Fermi surfaes for partiles of speies 1
and anti-partiles of speies 2. A omplete evaluation of the two-speies model, inluding inhomogeneous phases and
nonzero temperatures, remains to be done in the future.
The model may be extended in several ways, in order to desribe more realisti senarios, for instane dense quark
matter in the interior of a ompat star. First, one may go beyond the mean eld approximation, whih seems
partiularly interesting in the rossover region, where the validity of this approximation is questionable. Also, one
may introdue more than two fermion speies, aounting for olor and avor degrees of freedom in quark matter.
Finally, we propose to inlude hiral ondensates into the model.
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Appendix A: CALCULATION OF NUMBER SUSCEPTIBILITIES
In this appendix, we ompute the elements of the number suseptibility matrix as given in Eq. (55). For a ompat
notation we introdue the following abbreviations for integrals ontaining a δ-funtion
δ±1 ≡
∑
e
∫
d3k
(2π)3
∆
ǫek
ǫek ± eξek
2ǫek
δ(δµ− ǫek) , (A1a)
δ±2 ≡
∑
e
∫
d3k
(2π)3
(
ǫek ± eξek
2ǫek
)2
δ(δµ− ǫek) , (A1b)
δ3 ≡
∑
e
∫
d3k
(2π)3
∆2
4(ǫek)
2
δ(δµ− ǫek) , (A1)
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and integrals ontaining a step funtion
Θ1 ≡
∑
e
∫
d3k
(2π)3
e∆ξek
2(ǫek)
3
Θ(ǫek − δµ) , (A2a)
Θ2 ≡
∑
e
∫
d3k
(2π)3
∆2
4(ǫek)
3
Θ(ǫek − δµ) . (A2b)
In this notation the various terms in Eq. (55) beome
∂nf,1/2
∂∆
= Θ1 ∓ δ±1 , (A3)
and
∂nf,1/2
∂µ1/2
= Θ2 + δ
±
2 ,
∂nf,1/2
∂µ2/1
= Θ2 − δ3 . (A4)
The partial derivative of the gap with respet to the hemial potentials, obtained from the gap equation, is
∂∆
∂µ1/2
=
2µ¯∆/g2 +Θ1 ∓ δ±1
4(Θ2 − δ3) . (A5)
Consequently,
χ11/22 =
∆2
2g2
+Θ2 + δ
±
2 +
(2µ¯∆/g2 +Θ1 ∓ δ±1 )2
4(Θ2 − δ3) (A6a)
χ12 = χ21 =
∆2
2g2
+Θ2 − δ3 + (2µ¯∆/g
2 + Θ1 − δ+1 )(2µ¯∆/g2 +Θ1 + δ−1 )
4(Θ2 − δ3) (A6b)
In partiular, we see that the suseptibility matrix is symmetri.
We may further evaluate the terms with the δ-funtions. For any funtion fe(k) we have
∑
e
∫
d3k
(2π)3
fe(k)δ(δµ− ǫek) =
Θ(δµ−∆)
2π2
δµ√
δµ2 −∆2
{
Θ(ρ+)
√
ρ+ ζ+ f
+(
√
ρ+)
+Θ(ρ−)
√
ρ− ζ−[Θ(ζ−)f+(
√
ρ−)−Θ(−ζ−)f−(√ρ−)]
}
, (A7)
with ζ± and ρ± dened in Eq. (52). Consequently,
δ±1 =
1
2π2
∆Θ(δµ−∆)
2δµ
√
δµ2 −∆2
[
Θ(ρ+)
√
ρ+ ζ+ h± +Θ(ρ−)
√
ρ− ζ− h∓ sgnζ−
]
, (A8a)
δ±2 =
1
2π2
Θ(δµ−∆)
4δµ
√
δµ2 −∆2
[
Θ(ρ+)
√
ρ+ ζ+ h
2
± +Θ(ρ−)
√
ρ− ζ− h2∓ sgnζ−
]
, (A8b)
δ3 =
1
2π2
∆2Θ(δµ−∆)
4δµ
√
δµ2 −∆2
[
Θ(ρ+)
√
ρ+ ζ+ +Θ(ρ−)
√
ρ− ζ− sgnζ−
]
, (A8)
where we abbreviated
h± ≡ δµ±
√
δµ2 −∆2 . (A9)
For the integrals with the step funtion we make use of Eqs. (53) to nd for any funtion fe(k)
∑
e
∫
d3k
(2π)3
fe(k)Θ(ǫek − δµ) =
∑
e
∫
d3k
(2π)3
fe(k)− Θ(δµ−∆)
2π2
[
Θ(ρ+)
∫ √ρ+
0
dk k2f+(k)
− Θ(ζ−)Θ(ρ−)
∫ √ρ
−
0
dk k2f+(k) + Θ(−ζ−)Θ(ρ−)
∫ √ρ
−
0
dk k2f−(k)
]
. (A10)
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We insert Eqs. (A8) and Eq. (A10) (the latter with the respetive integrand replaing fe(k)) into Eq. (A6) to evaluate
the suseptibility matrix χ.
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